Abstract. In this paper we study lifted left invariant (α, β)-metrics of Douglas type on tangent Lie groups. Let G be a Lie group equipped with a left invariant (α, β)-metric of Douglas type F , induced by a left invariant Riemannian metric g. Using vertical and complete lifts, we construct the vertical and complete lifted (α, β)-metrics F v and F c on the tangent Lie group T G and give necessary and sufficient conditions for them to be of Douglas type. Then, the flag curvature of these metrics are studied. Finally, as some special cases, the flag curvatures of F v and F c in the cases of Randers metrics of Douglas type, and Kropina and
Introduction
Tangent bundles of differentiable manifolds have great importance in many fields of mathematics and physics. The study of Riemannian geometry of tangent bundles goes back to the fundamental paper [25] written by Sasaki published in 1958. He used vertical and horizontal lifts to show that any Riemannian manifold (M, g) induces a Riemannian metric on T M . Yano and Kobayashi replaced the horizontal lift with complete lift and studied many geometric properties of such lifted metrics (see [27] , [28] and [29] ). Asgari and the second author studied the Riemannian geometry of lifted invariant Riemannian metrics induced on T G by using vertical and complete lifts ( [4] and [5] ). Using the lifted invariant Riemannian metrics together with vertical and complete lifts, they constructed two types of left invariant Randers metrics on the tangent bundle of Lie groups and studied their flag curvature in the case of Berwald metric (see [6] ). In this work, using the same way we build left invariant (α, β)-metrics on tangent Lie groups. We give a necessary and sufficient condition for lifted (α, β)-metrics to be of Douglas type and compute their flag curvatures. Now we give some preliminaries about vertical and complete lifts and also Finsler geometry.
Let M be an m-dimensional smooth manifold. Suppose that T M is its tangent bundle. Any vector field X on M defines two types of (local) one-parameter groups of diffeomorphisms on T M as follows:
where ϕ t is the flow generated by the vector field X on M . The maps φ t and ψ t are the infinitesimal generators of one-parameter groups of diffeomorphisms. The vector fields corresponding to these one-parameter groups are called the complete lift (denoted by X c ) and vertical lift (denoted by X v ) of X, respectively. For a local coordinates system (U, (x 1 · · · , x n )) of M , we denote the induced local coordinates system on T M by (π −1 (U ), (x 1 · · · , x n ; y 1 · · · , y n )), where π : T M → M is the projection map. Assume that X is a vector field on M with local representation X | U = Σ n i=1 ξ i ∂ ∂x i . Then its vertical and complete lifts in terms of local coordinates system (x i , y i ) are as follows:
∂ξ i ∂x j y j ∂ ∂y i . The Lie brackets of vertical and complete lifts of two vector fields X and Y satisfy the following equations (for more details see [26, 16] ),
Assume that G is a real n-dimensional connected Lie group with multiplication map µ : G × G → G, (x, y) → xy and identity element e. Let l y : G → G, x → yx and r y : G → G, x → xy be left and right translations, respectively. Then we can see for all v ∈ T g G and w ∈ T h G the tangent map
defines a Lie group structure on T G with identity element 0 e ∈ T e G and the inversion map T ι, where ι is the inversion map of G (see [15] ).
In [16] , it is shown that if X is a left invariant vector field on G then X c and X v are left invariant vector fields on T G. Therefore, for any left invariant Riemannian metric g on G, we can define a left invariant Riemannian metricg on TG as follows:
where X and Y are arbitrary vector fields on G. In this work, we study the curvature of left invariant (α, β)-metrics of Douglas type on T G, where α is induced by a lifted left invariant Riemannian metricg. A special type of Finsler metrics which belongs to the family of (α, β)-metrics is Randers metric. G. Randers introduced this family of Finsler metrics in his paper [22] on general relativity, in 1941. These metrics have been used in more physical problems. For example, in four-dimensional case, they are used in computation of the Lagrangian function of a test electric charge in the electromagnetic and gravitational fields (see [3, 17, 18] ). A generalization of Randers metrics are (α, β)-metrics which introduced by M. Matsumoto, in [20] . These metrics are important and interesting types of Finsler metrics. Let (M, g) be a Riemannian manifold and β be a 1-form on M . Assume that α(x, y) = g ij y i y j and φ : (−b 0 , b 0 ) → (R) + is a smooth map. It is shown that F = αφ( β α ) is a Finsler metric on M , which is called an (α, β)-metric, if and only if β α < b 0 and φ = φ(s) satisfies the following conditions (see [9] ):
As some special cases, if φ(s) = 1 + s, φ(s) = α−β , respectively [9] . It is easy to see that for an arbitrary 1-form β on a Riemannian manifold (M, g), there exists a unique vector field X on M such that for all x ∈ M and y ∈ T x M we have
This notation is very useful for construction left invariant (α, β)-metrics on Lie groups. If (G, g) is a left invariant Riemannian metric and X is a left invariant vector field on G such that X α < b 0 , then the (α, β)-metric which is defined as above is left invariant (see [10] and [11] ). In this article we will study the flag curvature of some special Finsler metrics. This quantity is an important concept in Finsler geometry which is defined by
,
y is the curvature tensor and ∇ is the Chern connection of F (see [8] , [9] ) Suppose that F is a Finsler metric on a smooth n-dimensional manifold M . In a standard local coordinates system of T M , the spray coefficients of F are defined by
The Finsler metric F is called a Douglas metric if the spray coefficients G i satisfy the following relation,
where P (x, y) is a local positively homogeneous function of degree one on T M and F is called of Berwald type if P (x, y) = 0 (see [7] and [9] ). For an (α, β)-metric F it is well known that it is of Berwald type if and only if the 1-form β is parallel with respect to the Levi-Civita connection of α [8] .
In the last decade, many geometric properties of Lie groups equipped with left invariant Finsler metrics, or homogeneous spaces together with invariant Finsler metrics have been studied (for example see [12, 13] and [14, 23, 24] ). In this work we use the following theorem which is proved by Liu and Deng in [19] .
a Douglas metric if and only if either F is a Berwald metric or F is a Douglas metric of Randers type.

Lifting of (α, β)-metrics on Tangent Bundles
Let G be a Lie group equipped with a left invariant Riemannian metric g. In [4] , Asgari and the second author proved that for any X, Y ∈ g = Lie(G) the Levi-Civita connection of the lifted left invariant metricg on T G can be computed by the following equations:
where g and X are a left invariant Riemannian metric and a left invariant vector field on G, respectively. Then by using vertical and complete lifts, we can define two types of left invariant Finsler metrics on T G as follows:
where
In this section we suppose that F , F c and F v are defined as above.
We give a necessary and sufficient condition for F c and F v to be of Douglas type. 
Conversely, let F v be a Douglas metric. Then the above equations show that F is a Douglas metric because by theorem 3.2 of [1] we have
In the following theorems we give the flag curvature formulas of F c and F v explicitly, where F is of Douglas type. (1)P = span{Y c , V c },
Theorem 2.5. Suppose that G is a Lie group equipped with a left invariant Riemannian metric g and
P = span{Y v , V c }, (1)P = span{Y c , V c },
where {X i |i = 1, · · · , m} is a basis for the Lie algebra g of G and U : g × g → g is a symmetric function defined by the following equation,
Proof. Lemma 2.1 shows that F c is of Douglas type. It is sufficient to use theorem 2.4 of [4] and the following formula of the flag curvature which is given in theorem 2.1 of [13] ,
whereŨ :g ×g →g = Lie(T G) satisfy in the formula 2.10. Sõ
In the following theorems we compute the flag curvature of F v .
Theorem 2.7. Suppose that G is a Lie group equipped with a left invariant Riemannian metric
is a left invariant (α, β)-metric on G such that F v is of Berwald type. Then for the flag curvature of the left invariant (α, β)-metric F v on T G we have:
where K F v and K denote the flag curvature of F v and the sectional curvature of g respectively, and {Y, V } is an orthonormal basis for P with respect to g.
Proof.
It is sufficient to use theorem 2.4 of [4] and the curvature formula of proposition 3.2 of [11] . (1)P = span{Y c , V c },
Proof. Lemma 2.4 shows that F v is of Douglas type. We know that
. Now a similar method to the proof of theorem 2.6 completes the proof.
Examples
In this section we study the flag curvature of two important families of (α, β)-metrics which are called Matsumoto and Kropina metrics. Similar to the Randers metric, these metrics have physical application (see [2] and [21] ).
Example 3.1. Let G be a Lie group equipped with a left invariant Riemannian metric g and
be the Berwaldian left invariant Matsumoto metric on G, defined by g and a left invariant vector field X which is parallel with respect to the Levi-civita connection of g. Then for the flag curvature of the left invariant Matsumoto Metric F c on T G we have:
(1)P = span{Y c , U c },
where the assumptions are similar to the previous section and ∇ denotes the Levi-Civita connection of g. In this case, the formulas for the flag curvature of F v are as follows:
(1)P = span{Y c , U c }, (1)P = span{Y c , U c }, 
P = span{Y v , U v },
is not def ined.
Also the flag curvature formulas of the Finsler metric F v are as follows:
P = span{Y c , U v },
is not def ined,
